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TWISTED FOURIER-MUKAI FUNCTORS
ALBERTO CANONACO AND PAOLO STELLARI
Abstrat. Due to a theorem by Orlov every exat fully faithful funtor between the bounded
derived ategories of oherent sheaves on smooth projetive varieties is of Fourier-Mukai type. We
extend this result to the ase of bounded derived ategories of twisted oherent sheaves and at
the same time we weaken the hypotheses on the funtor. As an appliation we get a omplete
desription of the exat funtors between the abelian ategories of twisted oherent sheaves on
smooth projetive varieties.
1. Introdution
If X and Y are smooth projetive varieties, an exat funtor F : Db(X) → Db(Y ) between
the orresponding bounded derived ategories of oherent sheaves is of Fourier-Mukai type if there
exists E ∈ Db(X ×Y ) and an isomorphism of funtors F ∼= ΦE , where, denoting by p : X ×Y → Y
and q : X × Y → X the natural projetions, ΦE : D
b(X)→ Db(Y ) is the exat funtor dened by
ΦE := Rp∗(E
L
⊗ q∗(−)).(1.1)
Suh a omplex E is alled a kernel of F .
The importane of funtors of this type in geometri ontexts annot be overestimated. Indeed,
all meaningful geometri funtors are of Fourier-Mukai type and onjeturally the same is true for
every exat funtor from Db(X) to Db(Y ). As a rst evidene for the truth of this onjeture, in the
fundamental paper [14℄, Orlov proved that any exat fully faithful funtor from Db(X) to Db(Y )
whih admits a left adjoint is of Fourier-Mukai type. Moreover its kernel is uniquely determined
up to isomorphism.
Sine the publiation of [14℄, some signiant improvements were obtained. The main one is
due to Kawamata ([11℄), who extended this result to the ase of smooth quotient staks. His proof
partially follows Orlov's original one but at some ruial points new deep ideas are needed. It is
also worth notiing that, due to the results in [2℄, every exat funtor F : Db(X)→ Db(Y ) admits
a left adjoint (see Remark 2.1 below).
In reent years some attention was paid to the ase of twisted varieties (i.e. pairs (X,α), where
X is a smooth projetive variety and α is an element in the Brauer group of X). Sine [3℄ appeared,
it has been proved that some results from the untwisted setting an be generalized to the ase of
twisted derived ategories. For example, if M is a K3 surfae and a moduli spae of stable sheaves
on a K3 surfae X, then there exist α in the Brauer group ofM and an equivalene between Db(X)
and Db(M,α), the bounded derived ategory of α-twisted oherent sheaves on M . This was rst
proved by C ld raru ([3, 4℄) and then generalized in [12, 13, 17℄ and [9, 10℄. Nevertheless a question
remained open:
Are all equivalenes between the bounded derived ategories of twisted
oherent sheaves on smooth projetive varieties of Fourier-Mukai type?
As before, given two twisted varieties (X,α) and (Y, β), a funtor F : Db(X,α) → Db(Y, β) is of
Fourier-Mukai type if there exist E ∈ Db(X ×Y, α−1⊠β) and an isomorphism of funtors F ∼= ΦE ,
where ΦE is again dened as in (1.1).
2000 Mathematis Subjet Classiation. 14F22, 18E10, 18E30.
Key words and phrases. Twisted sheaves, derived ategories, Fourier-Mukai funtors.
1
2 ALBERTO CANONACO AND PAOLO STELLARI
A omplete answer to the previous question omes as an easy orollary of the following theorem
whih is the main result of this paper:
Theorem 1.1. Let (X,α) and (Y, β) be twisted varieties and let F : Db(X,α) → Db(Y, β) be an
exat funtor suh that, for any F ,G ∈ Coh(X,α),
HomDb(Y,β)(F (F), F (G)[j]) = 0 if j < 0.(1.2)
Then there exist E ∈ Db(X × Y, α−1 ⊠ β) and an isomorphism of funtors F ∼= ΦE . Moreover, E is
uniquely determined up to isomorphism.
Few omments about the relevane of the previous result are in order here. First of all observe
that any full funtor satises (1.2). This means that Theorem 1.1 gives a substantial improvement
of Orlov's result. As a onsequene, we will observe that also the hypotheses in Kawamata's result
([11℄) an be weakened (see Remark 4.1).
Our proof of Theorem 1.1 was inspired by [11℄ and [14℄ although dierent approahes are needed
in many ruial points. In partiular, the idea to use extensively onvolutions of bounded omplexes
omes from [14℄.
In Setion 5 we apply Theorem 1.1 to desribe exat funtors between the abelian ategories of
twisted oherent sheaves. In partiular we dedue a Gabriel-type result for twisted varieties.
Notations. We will work over a xed eld K. All triangulated and abelian ategories and all
exat funtors will be assumed to be K-linear. For an abelian ategory A we will denote by D(A)
the derived ategory of A. An objet C• of D(A) is a omplex in A, i.e. it is given by a olletion
of objets Ci and morphisms di : Ci → Ci+1 of A suh that di+1 ◦ di = 0. The bounded derived
ategory of A is the full subategory Db(A) of D(A) with objets the omplexes C• suh that
Ci = 0 for |i| ≫ 0. If there is no ambiguity, we will usually write C instead of C•. If B is another
abelian ategory, every exat funtor G : A → B trivially indues exat funtors of triangulated
ategories D(G) : D(A) → D(B) and Db(G) : Db(A) → Db(B). Reall that an abelian ategory
A is of nite homologial dimension if there exists an integer l suh that, for any i > l and any
A,B ∈ Ob(A), HomDb(A)(A,B[i]) = 0; if N ∈ N is the least suh integer l, then A is said to be of
homologial dimension N .
2. Boundedness and ample sequenes
For a smooth projetive variety X onsider the ohomology group H2e´t(X,O
∗
X ) in the étale
topology. Any α ∈ H2e´t(X,O
∗
X ) an be represented by a eh 2-oyle on an étale over {Ui}i∈I
of X using setions αijk ∈ Γ(Ui ∩ Uj ∩ Uk,O
∗
X). An α-twisted quasi-oherent sheaf F onsists of a
pair ({Fi}i∈I , {ϕij}i,j∈I), where Fi is a quasi-oherent sheaf on Ui and ϕij : Fj |Ui∩Uj → Fi|Ui∩Uj is
an isomorphism suh that ϕii = id, ϕji = ϕ
−1
ij and ϕij ◦ ϕjk ◦ ϕki = αijk · id.
The ategory of α-twisted quasi-oherent sheaves on X will be denoted by QCoh(X,α). An
α-twisted quasi-oherent sheaf ({Fi}i∈I , {ϕij}i,j∈I) is an α-twisted oherent sheaf if Fi is oherent
for any i ∈ I. We write Coh(X,α) for the abelian ategory of α-twisted oherent sheaves and
Db(X,α) := Db(Coh(X,α)) for the bounded derived ategory of Coh(X,α). The Brauer group
of X is the group Br(X) onsisting of all α ∈ H2e´t(X,O
∗
X) suh that Coh(X,α) ontains a loally
free α-twisted oherent sheaf (atually, due to [5℄, Br(X) oinides with H2e´t(X,O
∗
X )).
Let X and Y be smooth projetive varieties and let f : X → Y be a morphism. The following
derived funtors are dened: −
L
⊗ − : Db(X,α)×Db(X,α′)→ Db(X,α ·α′), Rf∗ : D
b(X, f∗(β))→
Db(Y, β) and Lf∗ : Db(Y, β) → Db(X, f∗(β)), where α,α′ ∈ Br(X) and β ∈ Br(Y ) (see [3, Thm.
2.2.4, Thm. 2.2.6℄). For the rest of this paper (X,α) and (Y, β) will denote two twisted varieties as
in Theorem 1.1.
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Remark 2.1. (i) If (X,α) is a twisted variety and X has dimension n, then Coh(X,α) has
homologial dimension n. To prove this laim, one an proeed as in the untwisted ase (see [8,
Prop. 3.12℄), using the fat that the funtor S(−) = (−)⊗ ωX [n] is the Serre funtor of D
b(X,α).
(ii) If (X,α) and (Y, β) are twisted varieties, then any exat funtor G : Db(X,α)→ Db(Y, β) has
a left adjoint G∗ : Db(Y, β)→ Db(X,α). Indeed, it is proved in [15℄ (generalizing ideas from [2℄ and
[16℄) that any ohomologial funtor of nite type is representable. Hene, for any F ∈ Db(Y, β)
the funtor HomDb(Y,β)(G(−),F) is representable by a unique E ∈ D
b(X,α). Setting G′(F) := E ,
by the Yoneda Lemma we get a funtor whih is right adjoint to G. Sine Db(X,α) and Db(Y, β)
have Serre funtors, G has also a left adjoint G∗.
Denition 2.2. Given an abelian ategory A with nite dimensional Hom's, a subset {Pi}i∈Z ⊂
Ob(A) is an ample sequene if, for any B ∈ Ob(A), there exists an integer i(B) suh that, for any
i ≤ i(B),
(1) the natural morphism HomA(Pi, B)⊗ Pi → B is surjetive;
(2) if j 6= 0 then HomDb(A)(Pi, B[j]) = 0;
(3) HomA(B,Pi) = 0.
Lemma 2.3. Let E ∈ Coh(X,α) be a loally free sheaf. If {Ak}k∈Z is an ample sequene in
Coh(X), then {E ⊗Ak}k∈Z is an ample sequene in Coh(X,α). In partiular, if L ∈ Coh(X) is
an ample line bundle, then {E ⊗ L⊗k}k∈Z is an ample sequene.
Proof. Observe that sine {Ak}k∈Z is an ample sequene, for any E ∈ Coh(X,α) and for i ≪ 0,
there exists a surjetive map HomCoh(X)(Ai, E
∨ ⊗ E) ⊗ Ai ։ E
∨ ⊗ E . Then (1) in the previous
denition follows from the fat that the diagram
HomCoh(X,α)(E ⊗Ai, E)⊗ E ⊗Ai //
∼=

E
HomCoh(X)(Ai, E
∨ ⊗ E)⊗ E ⊗Ai // // E ⊗ E∨ ⊗ E
OOOO
ommutes. Analogously, HomDb(X,α)(E ⊗Ai, E [j])
∼= HomDb(X)(Ai, E
∨ ⊗ E [j]) = 0 and
HomCoh(X,α)(E , E ⊗Ai) ∼= HomCoh(X)(E ⊗ E
∨,Ai) = 0,
for i≪ 0 and j 6= 0. This proves that (2) and (3) hold true. The seond part of the lemma follows
from the easy fat that {L⊗k}k∈Z is an ample sequene in Coh(X). 
Reall that, given two abelian ategories A and B, a funtor G : Db(A) −→ Db(B) is bounded if
there exist a ∈ Z and n ∈ N suh that H i(G(A)) = 0 for any A ∈ Ob(A) and any i 6∈ [a, a+ n].
Proposition 2.4. Let (X,α) and (Y, β) be twisted varieties and assume that G : Db(X,α) −→
Db(Y, β) is an exat funtor. Then G is bounded.
Proof. Due to Lemma 2.3, given a loally free sheaf E ∈ Coh(Y, β) and a very ample line bundle
L ∈ Coh(Y ) (dening an embedding Y →֒ PN ), the set {E ⊗ L⊗k}k∈Z is an ample sequene in
Coh(Y, β). For k < 0, Beilinson's resolution ([1℄), pulled bak to Y , yields an isomorphism in
Db(Y )
L⊗k ∼= {V kN ⊗OY → V
k
N−1 ⊗ L→ . . .→ V
k
0 ⊗ L
⊗N},(2.1)
where V ki := H
N (PN ,Ωi
PN
(i+ k−N)). In partiular, E⊗L⊗k ∼= C•k in D
b(Y, β) where Cik = 0, for
|i| > N , and eah Cik is a nite diret sum of terms of the form E⊗L
j
for 0 ≤ j ≤ N . This implies
that {G∗(E ⊗ L⊗k)}k<0 is bounded in D
b(X,α), where G∗ is the left adjoint of G (see Remark
2.1(ii)).
This is enough to onlude that G is bounded. Indeed we an reason in the following rather
standard way. Given A ∈ Coh(X,α) and i ∈ Z, it is easy to see that H i(G(A)) = 0 is implied by
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HomDb(Y,β)(E ⊗ L
⊗k, G(A)[i]) = 0 for k ≪ 0. Choosing m suh that Hj(G∗(E ⊗ L⊗k)) = 0 for
|j| ≥ m and for k < 0 and denoting by n the homologial dimension of Coh(X,α) (see Remark
2.1(i)), it is lear that
HomDb(Y,β)(E ⊗ L
⊗k, G(A)[i]) ∼= HomDb(X,α)(G
∗(E ⊗ L⊗k),A[i]) = 0
for |i| > n+m and for k < 0. 
The following easy lemma will be used in the forthoming setions.
Lemma 2.5. Let (X,α) and (Y, β) be twisted varieties, let E ∈ Db(X×Y, α−1⊠β) and let l ∈ Z. If
E ∈ Coh(X,α) is loally free and L ∈ Coh(X) is ample, then H l(E) = 0 if H l(ΦE (E ⊗L
⊗k)) = 0
for any k ≫ 0.
Proof. Fix a loally free sheaf F ∈ Coh(Y, β) and deneA := E⊗p∗(F∨)⊗q∗(E), where p : X×Y →
Y and q : X × Y → X are the natural projetions. If Hj(A) 6= 0, Rip∗(H
j(A)⊗ q∗(L⊗k)) = 0 for
any k ≫ 0 if and only if i 6= 0 (for a proof of this well-known fat see, for example, [7℄, Chapter
III, Theorem 8.8). Hene, using the spetral sequene
Rip∗(H
j(A)⊗ q∗(L⊗k)) =⇒ H i+j(ΦA(L
⊗k))
we dedue that H l(A) = 0 if H l(ΦA(L
⊗k)) = 0, for any k ≫ 0.
It is obvious that H l(A) = 0 if and only if H l(E) = 0. Hene the result is proved one we show
that H l(ΦA(L
⊗k)) = 0 if and only if H l(ΦE(E ⊗ L
⊗k)) = 0. By the Projetion Formula
ΦA(L
⊗k) ∼= Rp∗(A⊗ q
∗(L⊗k)) ∼= Rp∗(E ⊗ p
∗(F∨)⊗ q∗(E)⊗ q∗(L⊗k)) ∼= ΦE(E ⊗ L
⊗k)⊗ F∨
whih yields the desired onlusion. 
3. Convolutions and isomorphisms of funtors
In this setion we reall few results about onvolutions of bounded omplexes and we use them
to study the existene of isomorphisms of exat funtors.
3.1. Convolutions. Reall that a bounded omplex in a triangulated ategory D is a sequene of
objets and morphisms in D
(3.1) Am
dm−−→ Am−1
dm−1
−−−→ · · ·
d1−→ A0
suh that dj ◦ dj+1 = 0 for 0 < j < m. Following the terminology of [11℄, a right onvolution of
(3.1) is an objet A together with a morphism d0 : A0 → A suh that there exists a diagram in D
Am
dm //
id !!C
CC
CC
CC
C

Am−1
dm−1 //
$$H
HH
HH
HH
HH

· · ·
d2 // A1
d1 //
  A
AA
AA
AA
A

A0
d0   A
AA
AA
AA
A
Am
;;xxxxxxxx
Cm−1
[1]
oo
<<yyyyyyyyy
· · ·
[1]
oo C1
[1]
oo
>>}}}}}}}}
A,
[1]
oo
where the triangles marked with a  are ommutative and the other triangles are distinguished
(suh an objet A is alled instead a left onvolution of (3.1) in [14℄). In a ompletely dual way, a
left onvolution of (3.1) is an objet A′ together with a morphism dm+1 : A
′ → Am suh that there
exists a diagram in D
Am
dm //
""E
EE
EE
EE
E

Am−1
dm−1 //
""E
EE
EE
EE
EE
· · ·
d2 //
  @
@@
@@
@@
@

A1

d1 //
  A
AA
AA
AA
A
A0
A′
dm+1
>>}}}}}}}}
C ′m−1[1]
oo
;;vvvvvvvvv
· · ·
[1]
oo C ′1[1]
oo
>>~~~~~~~~
A0.
[1]
oo
id
>>}}}}}}}}
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Remark 3.1. Assume that d0 : A0 → A (respetively dm+1 : A
′ → Am) is a right (respetively
left) onvolution of (3.1). If D′ is another triangulated ategory and G : D → D′ is an exat
funtor, then it is obvious from the denitions that G(d0) : G(A0)→ G(A) (respetively G(dm+1) :
G(A′)→ G(Am)) is a right (respetively left) onvolution of
G(Am)
G(dm)
−−−−→ G(Am−1)
G(dm−1)
−−−−−→ · · ·
G(d1)
−−−→ G(A0).
In general a (right or left) onvolution of a omplex need not exist, and it need not be unique
up to isomorphism when it exists, but we have the following two results, whih will be onstantly
used in the rest of this paper:
Lemma 3.2. ([11℄, Lemmas 2.1 and 2.4.) Let (3.1) be a omplex in D satisfying
(3.2) HomD(Aa, Ab[r]) = 0 for any a > b and r < 0.
Then (3.1) has right and left onvolutions and they are uniquely determined up to isomorphism (in
general non anonial).
Lemma 3.3. Let
Am
dm //
fm

Am−1
dm−1 //
fm−1

· · ·
d2 // A1
d1 //
f1

A0
f0

Bm
em // Bm−1
em−1 // · · ·
e2 // B1
e1 // B0
be a morphism of omplexes both satisfying (3.2) and suh that
HomD(Aa, Bb[r]) = 0 for any a > b and r < 0.
Assume that the orresponding right (respetively left) onvolutions are of the form (d0, 0) : A0 →
A⊕A¯ and (e0, 0) : B0 → B⊕B¯ (respetively (dm+1, 0) : A
′⊕A¯′ → Am and (em+1, 0) : B
′⊕B¯′ → Bm)
and that HomD(Ap, B[r]) = 0 (respetively HomD(A
′, Bp[r]) = 0) for r < 0 and any p. Then there
exists a unique morphism f : A → B (respetively f ′ : A′ → B′) suh that f ◦ d0 = e0 ◦ f0
(respetively em+1 ◦ f
′ = fm ◦ dm+1). If moreover eah fi is an isomorphism, then f (respetively
f ′) is an isomorphism as well.
Proof. The rst part is a partiular ase of Lemma 2.3 (respetively Lemma 2.6) of [11℄. From
this it is then straightforward to dedue that f (respetively f ′) is an isomorphism if eah fi is an
isomorphism. 
Example 3.4. Let D := Db(A) for some abelian ategory A and let Z be a omplex as in (3.1)
and suh that every Ai is an objet of A. Then it is easy to see that a right (respetively left)
onvolution of Z (whih is unique up to isomorphism by Lemma 3.2) is given by the natural
morphism A0 → Z
•
(respetively Z•[−m] → Am), where Z
•
is the objet of Db(A) naturally
assoiated to Z (namely, Zi := A−i for −m ≤ i ≤ 0 and otherwise Z
i := 0, with dierential
d−i : Z
i → Zi+1 for −m ≤ i < 0).
3.2. Extending isomorphisms of funtors. Let A be an abelian ategory with nite dimen-
sional Hom's and assume that {Pi}i∈Z ⊂ Ob(A) is an ample sequene.
Lemma 3.5. Any A ∈ A admits a resolution
· · · −→ A⊕kii
di−→ A
⊕ki−1
i−1
di−1
−−−→ · · ·
d1−→ A⊕k00
d0−→ A −→ 0,(3.3)
where Aj ∈ {Pi}i∈Z and kj ∈ N, for any j ∈ N.
Proof. To prove that suh a(n innite) resolution exists, it is learly enough to show that for any
B ∈ Ob(A) there exists P ∈ {Pi}i∈Z and a surjetive map P
⊕k ։ B, for some k ∈ N. This follows
from ondition (1) in Denition 2.2. 
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Remark 3.6. Consider a resolution of A ∈ Ob(A) as in Lemma 3.5 and assume that A has nite
homologial dimension N . Take m > N and onsider the bounded omplex
Sm := {A
⊕km
m
dm−−→ A
⊕km−1
m−1
dm−1
−−−→ · · ·
d1−→ A⊕k00 }.
If Km := ker(dm), we have a distinguished triangle in D
b(A)
Km[m] −→ S
•
m −→ A −→ Km[m+ 1].
Due to the hoie of m, HomDb(A)(A,Km[m + 1]) = HomDb(A)(A0,Km[m]) = 0. Hene S
•
m
∼=
A ⊕ Km[m] and Sm has a (unique up to isomorphism) onvolution (d0, 0) : A
⊕k0
0 −→ A ⊕ Km[m]
(see Example 3.4).
The following result, whose proof relies on an extensive use of onvolutions, improves [11, Lemma
6.5℄ and [14, Prop. 2.16℄.
Proposition 3.7. Let D be a triangulated ategory and let A be an abelian ategory with nite
dimensional Hom's and of nite homologial dimension. Assume that {Pi}i∈Z ⊆ Ob(A) is an
ample sequene and denote by C the full subategory of Db(A) suh that Ob(C) = {Pi}i∈Z. Let
F1 : D
b(A)→ D and F2 : D
b(A)→ D be exat funtors suh that
(i) there exists an isomorphism of funtors f : F2|C
∼
−→ F1|C;
(ii) HomD(F1(A), F1(B)[j]) = 0, for any A,B ∈ Ob(A) and any j < 0;
(iii) F1 has a left adjoint F
∗
1 .
Then there exists an isomorphism of funtors g : F2
∼
−→ F1 extending f .
Proof. We denote by N the homologial dimension of A.
For any i ∈ Z, let fi := f(Pi) : F2(Pi)
∼
−→ F1(Pi). Given A ∈ Ob(A), we want to onstrut an
isomorphism fA : F2(A)
∼
−→ F1(A). Aording to Lemma 3.5, let
· · · −→ P
⊕kj
ij
dj
−→ P
⊕kj−1
ij−1
dj−1
−−−→ · · ·
d1−→ P⊕k0i0
d0−→ A −→ 0(3.4)
be a resolution of A. Fix m > N and onsider the bounded omplex
Rm := {P
⊕km
im
dm−−→ P
⊕km−1
im−1
dm−1
−−−→ · · ·
d1−→ P⊕k0i0 }.
Due to Remark 3.6, a (unique up to isomorphism) onvolution of Rm is (d0, 0) : P
⊕k0
i0
→ A⊕Km[m].
Due to Remark 3.1, for i ∈ {1, 2}, the omplex
Fi(Rm) := {Fi(P
⊕km
im
)
Fi(dm)
−−−−→ Fi(P
⊕km−1
im−1
)
Fi(dm−1)
−−−−−−→ · · ·
Fi(d1)
−−−−→ Fi(P
⊕k0
i0
)}
admits a onvolution (Fi(d0), 0) : Fi(P
⊕k0
i0
) → Fi(A ⊕ Km[m]). Lemma 3.2 and onditions (i)
and (ii) ensure that suh a onvolution is unique up to isomorphism. Moreover, again by (i) and
(ii), HomD(F2(Pik), F1(A)[r])
∼= HomD(F2(Pil), F1(Pij )[r]) = 0, for any ij , il, ik ∈ {i0, . . . , im} and
r < 0. Hene we an apply Lemma 3.3 getting a unique isomorphism fA : F2(A)
∼
−→ F1(A) making
the following diagram ommutative:
F2(P
⊕km
im
)
F2(dm)//
f
⊕km
im

F2(P
⊕km−1
im−1
)
F2(dm−1)//
f
⊕km−1
im−1

· · ·
F2(d1)// F2(P
⊕k0
i0
)
F2(d0) //
f
⊕k0
i0

F2(A)
fA

F1(P
⊕km
im
)
F1(dm)// F1(P
⊕km−1
im−1
)
F1(dm−1)// · · ·
F1(d1)// F1(P
⊕k0
i0
)
F1(d0)// F1(A).
By Lemma 3.3, the denition of fA does not depend on the hoie of m. In other words, if we
hoose a dierent m′ > N and we trunate (3.4) in position m′, the bounded omplexes Fi(Rm′)
give rise to the same isomorphism fA.
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To show that the denition of fA does not depend on the hoie of the resolution (3.4), onsider
another resolution
· · · −→ P
⊕k′j
i′j
d′j
−→ P
⊕k′j−1
i′j−1
d′j−1
−−−→ · · ·
d′1−→ P
⊕k′0
i′0
d′0−→ A −→ 0.(3.5)
Suppose that there exists a third resolution
· · · −→ P
⊕k′′j
i′′j
d′′j
−→ P
⊕k′′j−1
i′′j−1
d′′j−1
−−−→ · · ·
d′′1−→ P
⊕k′′0
i′′0
d′′0−→ A −→ 0(3.6)
and morphisms sj : P
⊕k′′j
i′′j
→ P
⊕kj
ij
and tj : P
⊕k′′j
i′′j
→ P
⊕k′j
i′j
, for any j ≥ 0, tting into the following
ommutative diagram:
· · ·
d′j+1 // P
⊕k′j
i′j
d′j // P
⊕k′j−1
i′j−1
d′j−1 // · · ·
d′1 // P
⊕k′0
i′0
d′0
=
==
==
==
==
· · ·
d′′j+1 // P
⊕k′′j
i′′j
tj
OO
sj

d′′j // P
⊕k′′j−1
i′′j−1
tj−1
OO
sj−1

d′′j−1 // · · ·
d′′1 // P
⊕k′′0
i′′0
s0

t0
OO
d′′0 // A.
· · ·
dj+1 // P
⊕kj
ij
dj // P
⊕kj−1
ij−1
dj−1 // · · ·
d1 // P⊕k0i0
d0
??          
Dene the bounded omplexes
R′′m := {P
⊕k′′m
i′′m
d′′m−−→ P
⊕k′′m−1
i′′m−1
d′′m−1
−−−→ · · ·
d′′1−→ P
⊕k′′0
i′′0
}
Fi(R
′′
m) := {Fi(P
⊕k′′m
i′′m
)
Fi(d
′′
m)−−−−→ Fi(P
⊕k′′m−1
i′′m−1
)
Fi(d
′′
m−1)
−−−−−−→ · · ·
Fi(d
′′
1 )−−−−→ Fi(P
⊕k′′0
i′′0
)}.
(3.7)
Let f ′′A : F2(A)
∼
−→ F1(A) be the isomorphism onstruted using (3.7). Due to Remark 3.6, these
omplexes and their onvolutions give rise to the diagram
F2(P
⊕k′′0
i′′0
)
F2(d′′0 ) //
F2(s0)
%%KK
KK
KK
KK
KK
f
⊕k′′0
i′′0

F2(A)
id
||yy
yy
yy
yy
yy
f ′′
A

F2(P
⊕k0
i0
)
F2(d0) //
f
⊕k0
i0

F2(A)
fA

F1(P
⊕k0
i0
)
F1(d0) // F1(A)
⋆
F1(P
⊕k′′0
i′′0
)
F1(d′′0 ) //
F1(s0)
99ssssssssss
F1(A)
id
bbEEEEEEEEEE
where all squares but ⋆ are ommutative. Due to hypotheses (i), (ii) and Lemma 3.3 there exists
a unique morphism F2(A)→ F1(A) making the following diagram ommutative:
F2(P
⊕k′′0
i′′0
)
F1(s0)◦f
⊕k′′0
i′′0 
F2(d′′0 ) // F2(A)

F1(P
⊕k0
i0
)
F1(d0) // F1(A).
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Sine F1(s0) ◦ f
⊕k′′0
i′′0
= f⊕k0i0 ◦ F2(s0), both fA and f
′′
A have this property and then they oinide.
Similarly one an prove that the morphism f ′′A is equal to the morphism f
′
A onstruted by means
of (3.5).
To onstrut (3.6), we proeed as follows. First take i′′0 ≪ 0 suh that there exist a surjetive
morphism d′′0 : P
⊕k′′0
i′′0
։ A, for some k′′0 ∈ N, and two morphisms s0 and t0 as required. Suppose
now that Pi′′j , k
′′
j , d
′′
j , sj and tj are dened. Take i
′′
j+1 ≪ 0, k
′′
j+1 ∈ N and d
′′
j+1 : P
⊕k′′j+1
i′′j+1
→ P
⊕k′′j
i′′j
suh that
(a.1) ker(d′′j ) = im(d
′′
j+1);
(b.1) the morphism sj ◦ d
′′
j+1 fatorizes through dj+1;
(.1) the morphism tj ◦ d
′′
j+1 fatorizes through d
′
j+1.
Observe that this is always possible beause im(sj |ker(d′′j )) ⊂ im(dj+1) and for n ≪ 0 the natural
map HomA(Pn, P
⊕kj+1
ij+1
)→ HomA(Pn, im(dj+1)) is surjetive (the same holds true for d
′
j+1 and tj).
To prove the funtoriality, let A,B ∈ Ob(A) and let ϕ : A → B be a morphism. Consider a
resolution
· · · −→ P
⊕hj
lj
ej
−→ P
⊕hj−1
lj−1
ej−1
−−−→ · · ·
e1−→ P⊕h0l0
e0−→ B −→ 0.(3.8)
Reasoning as before, we an nd a resolution
· · · −→ P
⊕kj
ij
dj
−→ P
⊕kj−1
ij−1
dj−1
−−−→ · · ·
d1−→ P⊕k0i0
d0−→ A −→ 0(3.9)
and morphisms gj : P
⊕kj
ij
→ P
⊕hj
lj
dening a morphism of omplexes ompatible with ϕ. Fix
m > N and take the bounded omplexes
Rm := {P
⊕km
im
dm−−→ P
⊕km−1
im−1
dm−1
−−−→ · · ·
d1−→ P⊕k0i0 }
Tm := {P
⊕hm
lm
em−−→ P
⊕hm−1
lm−1
em−1
−−−→ · · ·
e1−→ P⊕h0l0 }
Fi(Rm) := {Fi(P
⊕km
im
)
Fi(dm)
−−−−→ Fi(P
⊕km−1
im−1
)
Fi(dm−1)
−−−−−−→ · · ·
Fi(d1)
−−−−→ Fi(P
⊕k0
i0
)}
Fi(Tm) := {Fi(P
⊕hm
lm
)
Fi(em)
−−−−→ Fi(P
⊕hm−1
lm−1
)
Fi(em−1)
−−−−−−→ · · ·
Fi(e1)
−−−−→ Fi(P
⊕h0
l0
)}.
We an now onsider the diagram
F2(P
⊕k0
i0
)
F2(d0) //
f
⊕k0
i0
%%LL
LL
LL
LL
LL
F2(g0)

F2(A)
fA{{ww
ww
ww
ww
ww
F2(ϕ)

F1(P
⊕k0
i0
)
F1(d0) //
F1(g0)

F1(A)
F1(ϕ)

F1(P
⊕h0
l0
)
F1(e0) // F1(B)
⋆
F2(P
⊕h0
l0
)
F2(e0) //
f
⊕h0
l0
99rrrrrrrrrr
F2(B)
fB
ccGGGGGGGGGG
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where all squares but ⋆ are ommutative. Applying (i), (ii) and Lemma 3.3 we see that there is a
unique morphism F2(A)→ F1(B) ompleting the following diagram to a ommutative square
F2(P
⊕k0
i0
)
F1(g0)◦f
⊕k0
i0

F2(d0) // F2(A)

F1(P
⊕h0
l0
)
F1(e0) // F1(B).
Sine F1(g0) ◦ f
⊕k0
i0
= f⊕h0l0 ◦ F2(g0), both F1(ϕ) ◦ fA and fB ◦ F2(ϕ) have this property. Thus
F1(ϕ) ◦ fA = fB ◦ F2(ϕ).
If A ∈ Ob(A), we an learly put fA[n] := fA[n] for every integer n. Moreover, for any A,B ∈
Ob(A), the morphisms fA and fB just onstruted ommute with any g ∈ HomDb(A)(A,B[j]) (see
[14, Set. 2.16.4℄ for the proof).
The rest of the proof follows the strategy in [14, Set. 2.16.5℄ and it proeeds by indution on
the length of the segment in whih the ohomologies of the objets are onentrated. In partiular,
let A be an objet in Db(A) and suppose, without loss of generality, that Hp(A) = 0 if p 6∈ [a, 0]
and a < 0. Consider a morphism v : P⊕ki → A suh that
(a.2) the natural morphism u : P⊕ki → H
0(A) indued by v is surjetive;
(b.2) HomA(H
0(F ∗1 ◦ F1(A)), Pi) = 0.
Take a distinguished triangle
Z[−1] −→ P⊕ki
v
−→ A −→ Z
and observe that Hp(Z) = 0 if p 6∈ [a,−1]. Hene, by indution hypothesis, we have an isomorphism
fZ : F2(Z)
∼
−→ F1(Z) and the following ommutative diagram
F1(Z)[−1] //
f−1
Z
[−1]

F1(P
⊕k
i )
//
(f⊕ki )
−1

F1(A) // F1(Z)
f−1
Z

F2(Z)[−1] // F2(P
⊕k
i )
// F2(A) // F2(Z).
By [14, Lemma 1.4℄, to omplete the previous diagram with a unique isomorphism fA : F2(A)
∼
−→
F1(A), we need to show that
HomD(F1(A), F2(Pi)) = 0.
To prove this we an suppose A ∈ Ob(A) beause the ohomologies of A are onentrated in degrees
less or equal to zero. Let w = max{n ∈ Z : Hn(F ∗1 ◦F1(A)) 6= 0}. Obviously, there exists a natural
non-zero morphism F ∗1 ◦ F1(A)→ H
w(F ∗1 ◦ F1(A))[−w]. Hene
0 6= HomDb(A)(F
∗
1 ◦ F1(A),H
w(F ∗1 ◦ F1(A))[−w])
∼= HomD(F1(A), F1(H
w(F ∗1 ◦ F1(A)))[−w])
and w ≤ 0 beause of (ii). In partiular Hj(F ∗1 ◦F1(A)) = 0 if j 6∈ [−b, 0], for some positive integer
b. Therefore, due to (b.2) and (ii),
HomD(F1(A), F2(Pi)) ∼= HomD(F1(A), F1(Pi))
∼= HomDb(A)(F
∗
1 ◦ F1(A), Pi)
∼= HomA(H
0(F ∗1 ◦ F1(A)), Pi) = 0.
To prove that fA is well-dened and funtorial, one has to repeat line by line the proof in Setions
2.16.6 and 2.16.7 of [14℄ using (ii) instead of the hypothesis that F1 and F2 are fully-faithful. We
leave this to the reader. 
Corollary 3.8. Let A and B be abelian ategories suh that A has nite dimensional Hom's, it
is of nite homologial dimension and it has an ample sequene. If F : Db(A) → Db(B) is an
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exat funtor with a left adjoint and suh that F (A) ⊆ B, then G := F |A : A → B is exat and
Db(G) ∼= F .
Proof. The exatness of G is trivial. Sine Db(G)|A ∼= F |A, we an apply Proposition 3.7 getting
the desired onlusion. 
4. Proof of Theorem 1.1
We divide up our argument in several steps.
4.1. Resolution of the diagonal. Denoting by d : X →֒ X ×X the diagonal morphism, O∆ :=
d∗OX an be regarded as an (α
−1 ⊠ α)-twisted oherent sheaf on X ×X in a natural way, sine
d∗(α−1 ⊠ α) = 1. It is easy to see that O∆ ∈ Coh(X ×X,α
−1 ⊠ α) admits a resolution
(4.1) · · · −→ Ai ⊠Bi
δi−→ Ai−1 ⊠Bi−1
δi−1
−−→ · · ·
δ1−→ A0 ⊠B0
δ0−→ O∆ −→ 0,
where Aj ∈ Coh(X,α
−1) and Bj ∈ Coh(X,α) are loally free for any j ∈ N. Indeed, if L is an
ample line bundle on X, L⊠L is ample on X×X. Hene, given a loally free sheaf E ∈ Coh(X,α),
Lemma 2.3 proves that {(E∨⊠E)⊗ (L⊠L)⊗k}k∈Z is an ample sequene in Coh(X ×X,α
−1⊠α).
As (E∨ ⊠ E)⊗ (L⊠ L)⊗k ∼= (E∨ ⊗ L⊗k)⊠ (E ⊗ L⊗k), we onlude by Lemma 3.5.
4.2. Some bounded omplexes. Sine F is a bounded funtor by Proposition 2.4, we an assume
without loss of generality that H i(F (F)) = 0 for any F ∈ Coh(X,α) and any i /∈ [−M, 0] for
some M ∈ N. Then we x one and for all a resolution of O∆ as in (4.1), and for every integer
m > dim(X) + dim(Y ) +M we dene the following omplexes
Cm := {Am ⊠Bm
δm−−→ · · ·
δ1−→ A0 ⊠B0}
C˜m := {Am ⊠ F (Bm)
δ˜m−−→ · · ·
δ˜1−→ A0 ⊠ F (B0)}
in Db(X × X,α−1 ⊠ α) and Db(X × Y, α−1 ⊠ β) respetively, where δ˜i denotes the image of δi
through the map
HomDb(X×X,α−1⊠α)(Ai ⊠Bi, Ai−1 ⊠Bi−1)
∼= HomDb(X,α−1)(Ai, Ai−1)⊗HomDb(X,α)(Bi, Bi−1)
id⊗F
−−−→ HomDb(X,α−1)(Ai, Ai−1)⊗HomDb(Y,β)(F (Bi), F (Bi−1))
∼= HomDb(X×Y,α−1⊠β)(Ai ⊠ F (Bi), Ai−1 ⊠ F (Bi−1)).
Setting Km := ker(δm) ∈ Coh(X × X,α
−1 ⊠ α) and proeeding as in Remark 3.6, we see that,
if m > 2 dim(X), C•m
∼= O∆ ⊕ Km[m] and Cm has a (unique up to isomorphism by Lemma 3.2)
right onvolution (δ0, 0) : A0 ⊠ B0 → O∆ ⊕ Km[m]. Observe that the assumption on F implies
that also C˜m satises the hypothesis of Lemma 3.2, hene it has a unique up to isomorphism right
onvolution δ˜′0,m : A0 ⊠ F (B0)→ Gm.
We proeed now as in [11, Lemma 6.1℄. We denote byKm the full subategory ofCoh(X,α) with
objets the loally free sheaves E suh that H i(X,E ⊗Aj) = 0 for i > 0 and 0 ≤ j ≤ m+dim(X).
Observe that, for any loally free E′ ∈ Coh(X,α) and any ample line bundle L ∈ Coh(X),
E′ ⊗ L⊗k ∈Km, when k ≫ 0.
As Rip2∗(Aj ⊠ Bj ⊗ p
∗
1F)
∼= H i(X,Aj ⊗ F) ⊗ Bj for F ∈ Coh(X,α) and i, j ∈ N (where
pl : X ×X → X is the projetion onto the l
th
fator),
Rp2∗(Aj ⊠Bj ⊗ p
∗
1E)
∼= p2∗(Aj ⊠Bj ⊗ p
∗
1E)
∼= H0(X,Aj ⊗ E)⊗Bj
if E ∈ Km and 0 ≤ j ≤ m + dim(X). It follows that the exat funtor Rp2∗(− ⊗ p
∗
1E) maps Cm
to a omplex
Cm,E = {H
0(X,Am ⊗ E)⊗Bm
δm,E
−−−→ · · ·
δ1,E
−−→ H0(X,A0 ⊗ E)⊗B0}
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in Db(X,α), whih has a (unique up to isomorphism) right onvolution
(δ0,E , 0) : H
0(X,A0 ⊗ E)⊗B0 → E ⊕Km,E [m],
where Km,E := ker(δm,E). If p : X × Y → Y and q : X × Y → X are the natural projetions, a
similar argument shows that the exat funtor Rp∗(−⊗ q
∗E) maps C˜m to a omplex
C˜m,E = {H
0(X,Am ⊗ E)⊗ F (Bm)
δ˜m,E
−−−→ · · ·
δ˜1,E
−−→ H0(X,A0 ⊗ E)⊗ F (B0)}
in Db(Y, β), whih has a unique up to isomorphism right onvolution
(4.2) δ˜′0,m,E : H
0(X,A0 ⊗ E)⊗ F (B0)→ Rp∗(Gm ⊗ q
∗E) = ΦGm(E).
On the other hand, C˜m,E an be identied with the image of Cm,E through F , so that a right
onvolution of C˜m,E is given also by
(4.3) (F (δ0,E), 0) : H
0(X,A0 ⊗E)⊗ F (B0)→ F (E)⊕ F (Km,E)[m].
Therefore ΦGm(E)
∼= F (E) ⊕ F (Km,E)[m], and so, in partiular, H
i(ΦGm(E)) = 0 unless i ∈
[−m −M,−m] ∪ [−M, 0]. Sine this holds for every E ∈ Km, applying Lemma 2.5 we dedue
that also H i(Gm) = 0 unless i ∈ [−m−M,−m] ∪ [−M, 0]. This implies that Gm ∼= Em ⊕Fm with
H i(Em) = 0 unless i ∈ [−M, 0] and H
i(Fm) = 0 unless i ∈ [−m−M,−m].
4.3. Uniqueness of the kernel. We are going to show that a kernel of F (if it exists) is neessarily
isomorphi to Em for m ≫ 0. Indeed, assume that E ∈ D
b(X × Y, α−1 ⊠ β) is suh that F ∼= ΦE .
A standard omputation shows that
E ′ := p∗13O∆
L
⊗ p∗24E ∈ D
b(X ×X ×X × Y, α⊠ α−1 ⊠ α−1 ⊠ β)
(where pij is the obvious projetion from X×X×X×Y and O∆ is now onsidered to be (α⊠α
−1)-
twisted) denes a funtor of Fourier-Mukai type
ΦE ′ : D
b(X ×X,α−1 ⊠ α) −→ Db(X × Y, α−1 ⊠ β)
suh that ΦE ′(F) ∼= R(q13)∗(q
∗
12F
L
⊗ q∗23E) for every F ∈ D
b(X × X,α−1 ⊠ α) (here, again, qij
denotes the obvious projetion from X ×X × Y ). It follows easily that ΦE ′(O∆) ∼= E and
ΦE ′(A
L
⊠ B) ∼= A
L
⊠ ΦE(B) ∼= A
L
⊠ F (B)
for A ∈ Db(X,α−1) and B ∈ Db(X,α). In partiular, we see that ΦE ′ maps the omplex Cm to
C˜m, hene if m > 2 dim(X) a onvolution of the latter omplex is given by ΦE ′(O∆ ⊕ Km[m]) ∼=
E⊕ΦE ′(Km)[m]. Therefore E⊕ΦE ′(Km)[m] ∼= Gm ∼= Em⊕Fm, and we an onlude that E ∼= Em (and
ΦE ′(Km)[m] ∼= Fm) provided m≫ 0 (more preisely, it is enough that HomDb(X×Y,α−1⊠β)(E ,Fm) =
0 and HomDb(X×Y,α−1⊠β)(Em,ΦE ′(Km)[m]) = 0, whih is ertainly true for large m by denition of
Em and Fm and beause ΦE ′ is bounded).
4.4. Isomorphism of funtors on a subategory. Now we x an integer m > dim(X) +
dim(Y ) +M and we will prove that E := Em is really a kernel of F . To simplify the notation we
will suppress the subsript m also from Gm, Fm, C˜m,E , δ˜
′
0,m,E and Km. As a rst step, we will
show that ΦE |K and F |K are isomorphi as funtors from K to D
b(Y, β). To see this we use the
argument in [11, Lemma 6.2℄. In fat for every E ∈ K by (4.2) and (4.3) the omplex C˜E has two
right onvolutions, namely
δ˜′0,E = (δ˜0,E , 0) : H
0(X,A0 ⊗ E)⊗ F (B0)→ ΦG(E) ∼= ΦE(E)⊕ ΦF (E)
and (F (δ0,E), 0). Due to Lemma 3.3 this implies that there exists a unique isomorphism ϕ(E) :
ΦE(E)
∼
−→ F (E) suh that F (δ0,E) = ϕ(E)◦δ˜0,E . In order to see that this isomorphism is funtorial,
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just notie that for every morphism γ : E → E′ of K, again by Lemma 3.3, there is a unique
morphism ΦE(E)→ F (E
′) suh that the diagram
H0(X,A0 ⊗ E)⊗ F (B0)
δ˜0,E //
H0(id⊗γ)⊗id

ΦE(E)

H0(X,A0 ⊗ E
′)⊗ F (B0)
F (δ0,E′) // F (E′)
ommutes. Sine both F (γ) ◦ ϕ(E) and ϕ(E′) ◦ ΦE(γ) satisfy this property, they must be equal.
4.5. Extending the isomorphism. Now we hoose an α-twisted loally free sheaf E and a very
ample line bundle L on X (dening an embedding X →֒ PN ) and we denote by C the full subate-
gory of Coh(X,α) with objets {E⊗L⊗k}k∈Z. Now, by Lemma 2.3 this set of objets is an ample
sequene in Coh(X,α), hene by Proposition 3.7 in order to prove that F ∼= ΦE it is enough to show
that F |C ∼= ΦE |C. To this purpose, we proeed as in [11, Lemma 6.4℄ and we dene isomorphisms
ϕk : F (E ⊗ L
⊗k)
∼
−→ ΦE(E ⊗ L
⊗k) (for k ∈ Z) suh that
(4.4) ΦE(γ) ◦ ϕk1 = ϕk2 ◦ F (γ)
for every morphism γ : E⊗L⊗k1 → E⊗L⊗k2 of C and for every k1, k2 ∈ Z. By denition of ample
sequene there exists k0 ∈ Z suh that E⊗L
⊗k ∈ K for k ≥ k0. Then, setting ϕk := ϕ(E⊗L
⊗k)−1
for k ≥ k0, the equation (4.4) is satised for k1, k2 ≥ k0. Now we proeed by desending indution:
assuming ϕk is dened for k > n and (4.4) is satised for k1, k2 > n, we dene ϕn as follows. As
in (2.1), Beilinson's resolution gives an exat sequene in Coh(X)
0 −→ OX
ρN+1
−−−→ L⊗ VN
ρN−−→ · · ·
ρ2
−→ L⊗N ⊗ V1
ρ1
−→ L⊗N+1 ⊗ V0 −→ 0
(where eah Vi is a nite dimensional vetor spae), hene, setting ρ
(n)
i := idE⊗L⊗n⊗ρi, the omplex
E ⊗ L⊗n+1 ⊗ VN
ρ
(n)
N−−→ · · ·
ρ
(n)
1−−→ E ⊗ L⊗n+N+1 ⊗ V0
in Db(X,α) has a unique up to isomorphism left onvolution ρ
(n)
N+1 : E ⊗L
⊗n → E ⊗L⊗n+1 ⊗ VN .
The indutive hypothesis implies that
F (E ⊗ L⊗n+1)⊗ VN
F (ρ
(n)
N
)
//
ϕn+1⊗id

· · ·
F (ρ
(n)
1 ) // F (E ⊗ L⊗n+N+1)⊗ V0
ϕn+N+1⊗id

ΦE(E ⊗ L
⊗n+1)⊗ VN
ΦE (ρ
(n)
N
)
// · · ·
ΦE(ρ
(n)
1 ) // ΦE(E ⊗ L
⊗n+N+1)⊗ V0
is an isomorphism of omplexes in Db(Y, β) whih satises the assumptions of Lemma 3.3, hene
there is a unique isomorphism ϕn suh that the diagram
F (E ⊗ L⊗n)
F (ρ
(n)
N+1) //
ϕn

F (E ⊗ L⊗n+1)⊗ VN
ϕn+1⊗id

ΦE(E ⊗ L
⊗n)
ΦE(ρ
(n)
N+1) // ΦE(E ⊗ L
⊗n+1)⊗ VN
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ommutes. Moreover, for every morphism γ : E ⊗ L⊗k1 → E ⊗ L⊗k2 of C and for every k1, k2 ≥ n
F (E ⊗ L⊗k1+1)⊗ VN
F (ρ
(k1)
N
)
//
γ˜N⊗id

· · ·
F (ρ
(k1)
1 ) // F (E ⊗ L⊗k1+N+1)⊗ V0
γ˜0⊗id

ΦE(E ⊗ L
⊗k2+1)⊗ VN
ΦE(ρ
(k2)
N
)
// · · ·
ΦE (ρ
(k2)
1 ) // ΦE(E ⊗ L
⊗k2+N+1)⊗ V0
(where γ˜i := ϕk2+N+1−i ◦ F (γ ⊗ idL⊗N+1−i) = ΦE(γ ⊗ idL⊗N+1−i) ◦ ϕk1+N+1−i) is a morphism of
omplexes in Db(Y, β) whih again satises the assumptions of Lemma 3.3. Therefore, there is a
unique morphism F (E ⊗ L⊗k1)→ ΦE(E ⊗ L
⊗k2) suh that the diagram
F (E ⊗ L⊗k1)
F (ρ
(k1)
N+1) //

F (E ⊗ L⊗k1+1)⊗ VN
γ˜N⊗id

ΦE(E ⊗ L
⊗k2)
ΦE(ρ
(k2)
N+1) // ΦE(E ⊗ L
⊗k2+1)⊗ VN
ommutes, and, sine both ΦE(γ) ◦ϕk1 and ϕk2 ◦F (γ) satisfy this property, we onlude that (4.4)
holds.
Remark 4.1. Theorem 1.1 in [11℄ onerns fully faithful funtors. This requirement is essential
in Kawamata's proof only in [11, Lemma 6.5℄ (whih depends on [14, Prop. 2.16℄). Kawamata's
argument an now be reonsidered using Proposition 3.7 instead of [11, Lemma 6.5℄. Hene we
immediately get the following generalization of Kawamata's result. Let X and Y be normal pro-
jetive varieties with only quotient singularities and let X and Y be the smooth staks naturally
assoiated to them. Let F : Db(Coh(X )) → Db(Coh(Y)) be an exat funtor with a left adjoint
and suh that, for any F ,G ∈ Coh(X ),
HomDb(Coh(Y))(F (F), F (G)[j]) = 0
if j < 0. Then there exists a unique up to isomorphism E ∈ Db(Coh(X ×Y)) and an isomorphism
of funtors F ∼= ΦE .
Observe moreover that, in Kawamata's proof, the results in [11, Set. 3℄ an be replaed by our
shorter argument in Setion 4.1.
5. Exat funtors between the abelian ategories of twisted sheaves
Theorem 1.1 an be used to lassify exat funtors from Coh(X,α) to Coh(Y, β).
Proposition 5.1. Let (X,α) and (Y, β) be twisted varieties. If E is in Coh(X ×Y, α−1⊠β), then
the additive funtor
ΨE := p∗(E ⊗ q
∗(−)) : Coh(X,α)→ Coh(Y, β)
is exat if and only if E is at over X and p|Supp(E) : Supp(E)→ Y is a nite morphism.
Moreover, for every exat funtor G : Coh(X,α)→ Coh(Y, β) there exists unique up to isomor-
phism E ∈ Coh(X × Y, α−1 ⊠ β) (at over X and with p|Supp(E) nite) suh that G ∼= ΨE .
Proof. Clearly E is at over X if and only if the funtor E ⊗ q∗(−) is exat, and in this ase ΨE is
left exat and RΨE ∼= Rp∗(E ⊗ q
∗(−)). Notie also that E ⊗ q∗(−) is exat if ΨE is exat. Indeed,
given an injetive morphism F →֒ G in Coh(X,α) and setting
K := ker(E ⊗ q∗F → E ⊗ q∗G),
for every E ∈ Coh(X) loally free there is an exat sequene in Coh(Y, β)
0→ p∗(K ⊗ q
∗E)→ p∗(E ⊗ q
∗(F ⊗ E)) = ΨE(F ⊗ E)→ p∗(E ⊗ q
∗(G ⊗E)) = ΨE(G ⊗E),
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from whih we see that, if ΨE is exat, p∗(K ⊗ q
∗E) = 0; therefore K = 0, and this proves
that E ⊗ q∗(−) is exat. It follows that, in order to onlude the proof of the rst statement,
it is enough to show that p|Supp(E) is nite if and only if R
jp∗(E ⊗ q
∗F) = 0 for j > 0 and for
every F ∈ Coh(X,α). To this purpose, up to replaing E with E ⊗ p∗F for some loally free
sheaf F ∈ Coh(Y, β−1), we an assume that β is trivial (beause Supp(E) = Supp(E ⊗ p∗F ) and
Rjp∗(E ⊗ p
∗F ⊗ q∗F) ∼= F ⊗Rjp∗(E ⊗ q
∗F)).
If p|Supp(E) is nite, we an nd a over by open ane subsets {Vi}i∈I of Y and Ui ⊂ X open
ane suh that Supp(E|X×Vi) ⊂ Ui × Vi for every i ∈ I. Then, denoting by pi : X × Vi → Vi and
p′i : Ui × Vi → Vi the projetions, for j > 0 and for every F ∈ Coh(X,α) we have
Rjp∗(E ⊗ q
∗F)|Vi
∼= Rjpi∗((E ⊗ q
∗F)|X×Vi)
∼= Rjp′i∗((E ⊗ q
∗F)|Ui×Vi) = 0
beause p′i is an ane morphism, hene R
jp∗(E ⊗ q
∗F) = 0. On the other hand, if p|Supp(E) is
not nite, there exist a losed point y ∈ Y and a losed irreduible subset X ′ ⊆ X suh that
d := dim(X ′) > 0 and X ′ ⊆ Supp(Ey), where Ey ∈ Coh(X,α
−1) orresponds to E|X×{y} under
the natural isomorphism X ∼= X × {y}. We laim that there exists F0 ∈ Coh(X,α) suh that
Supp(F0) = X
′
and Hd(X, Ey ⊗ F0) 6= 0. For instane, denoting by E a loally free α-twisted
sheaf on X and by OX′(1) a very ample line bundle on X
′
(regarded as a subsheme of X with
the redued indued struture), we an take F0 = E ⊗ OX′(−n) for n ≫ 0. Indeed, by denition
of the dualizing sheaf ω◦X′ (see [7, p. 241℄), we have
Hd(X, Ey ⊗ E ⊗OX′(−n))
∨ ∼= Hd(X ′, (Ey ⊗ E)|X′(−n))
∨
∼= HomX′((Ey ⊗ E)|X′ , ω
◦
X′(n))
∼= H0(HomX′((Ey ⊗ E)|X′ , ω
◦
X′)(n)),
and the last term is not 0 for n ≫ 0, sine HomX′((Ey ⊗ E)|X′ , ω
◦
X′) 6= 0 due to the fat that
Supp((Ey ⊗E)|X′) = X
′
and ω◦X′
∼= ωX′ on the non-empty open subset where X
′
is smooth.
Then let V ⊂ Y be an open ane subset ontaining y and denote by q′ : X × V → X
the projetion. Applying the right exat funtor q′∗(−) ⊗ F0 to the natural surjetive morphism
E|X×V ։ E|X×{y}, we get a surjetive morphism in QCoh(X)
ϕ : q′∗(E|X×V )⊗F0 ։ q
′
∗(E|X×{y})⊗F0
∼= Ey ⊗F0.
As Supp(ker(ϕ)) ⊆ X ′, we have Hd+1(X, ker(ϕ)) = 0, hene the assumption Hd(X, Ey ⊗ F0) 6= 0
implies that
0 6= Hd(X, q′∗(E|X×V )⊗F0)
∼= Hd(X × V, (E ⊗ q∗F0)|X×V ),
and this proves that Rdp∗(E ⊗ q
∗F0) 6= 0.
Assume now that G : Coh(X,α) → Coh(Y, β) is an exat funtor. By Theorem 1.1 there
exists (unique up to isomorphism) E ∈ Db(X × Y, α−1 ⊠ β) suh that Db(G) ∼= ΦE , and E ∈
Coh(X × Y, α−1 ⊠ β) by Lemma 2.5. From the fat that ΦE(Coh(X,α)) ⊆ Coh(Y, β) it is easy
to dedue that
G ∼= ΦE |Coh(X,α) ∼= ΨE .
The uniqueness of E follows from Corollary 3.8. 
Remark 5.2. The above result implies that there are no non-zero exat funtors from Coh(X,α)
to Coh(Y, β) if dim(X) > dim(Y ): to prove this, just note that if 0 6= E ∈ Coh(X ×Y, α−1⊠β) is
at over X then dim(Supp(E)) ≥ dim(X), and that dim(Supp(E)) ≤ dim(Y ) if p|Supp(E) is nite.
It was proved by Gabriel in [6℄ that if X and Y are noetherian shemes then there exists an
exat equivalene QCoh(X) ∼= QCoh(Y ) if and only if X and Y are isomorphi. For smooth
projetive varieties, a short proof (relying on Orlov's result) of an analogous statement involving
oherent sheaves was given in [8℄. Following this last approah and using Proposition 5.1 we prove
a Gabriel-type result for twisted varieties.
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Corollary 5.3. Let (X,α) and (Y, β) be twisted varieties. Then the following three onditions are
equivalent:
(i) there is an exat equivalene between QCoh(X,α) and QCoh(Y, β);
(ii) there is an exat equivalene between Coh(X,α) and Coh(Y, β);
(iii) there exists an isomorphism f : X
∼
−→ Y suh that f∗(β) = α.
Proof. The impliations (iii)⇒ (i) and (iii)⇒ (ii) are trivial. Suppose that an exat equivalene G :
QCoh(X,α)
∼
−→ QCoh(Y, β) is assigned and onsider the equivalene D(G) : D(QCoh(X,α))
∼
−→
D(QCoh(Y, β)) indued by G. Due to [15, Thm. 18℄ and [3, Lemma 2.1.4, Prop. 2.1.8℄, D(G)
restrits to an equivalene F : Db(X,α)
∼
−→ Db(Y, β) whih yields an exat equivalene G′ :
Coh(X,α)
∼
−→ Coh(Y, β). This proves that (i) implies (ii).
The proof of the impliation (ii) ⇒ (iii) proeeds now as in [8, Cor. 5.22, Cor. 5.23℄. First of
all, reall that given an abelian ategory A, A ∈ Ob(A) is minimal if any non-trivial surjetive
morphism A→ B in A is an isomorphism. Notie that an equivalene F : A
∼
−→ B sends minimal
objets to minimal objets.
It is easy to see that the set of minimal objets of Coh(X,α) onsists of all skysraper sheaves
Ox, where x is a losed point of X. Let G : Coh(X,α)
∼
−→ Coh(Y, β) be an exat equivalene. By
Proposition 5.1, G ∼= ΨE , for some E ∈ Coh(X × Y, α
−1 ⊠ β).
Sine G maps skysraper sheaves to skysraper sheaves, E|{x}×Y is isomorphi to a skysraper
sheaf and we naturally get a morphism f : X → Y and L ∈ Pic(X) suh that
G ∼= L⊗ f∗(−).
The morphism f is atually an isomorphism sine G is an equivalene ([8, Cor. 5.23℄) and, by
denition, f∗(β) = α. 
This proves Conjeture 1.3.17 in [3℄ for quasi-oherent sheaves on smooth projetive varieties.
Remark 5.4. Suppose that X and Y are smooth separated shemes of nite type over a eld K
and that α ∈ Br(X) while β ∈ Br(Y ). In [15℄ it was proved that if there exists an exat equivalene
Coh(X,α) ∼= Coh(Y, β), then there is an isomorphism f : X
∼
−→ Y . On the other hand the
approah in [15℄ does not allow to onlude that f∗(β) = α.
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